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Abstract
We discuss supergraphs and their relation to “chiral functions” in N = 4 Super
Yang-Mills. Based on the magnon dispersion relation and an explicit three-loop
result of Sieg’s we make an all loop conjecture for the rational contributions
of certain classes of supergraphs. We then apply superspace techniques to the
“cubic” branch of Leigh-Strassler N = 1 superconformal theories. We show
that there are order 2L/L single trace operators of length L which have zero
anomalous dimensions to all loop order in the planar limit. We then compute
the anomalous dimensions for another class of single trace operators we call
one-pair states. Using the conjecture we can find a simple expression for the
rational part of the anomalous dimension which we argue is valid at least up
to and including five-loop order. Based on an explicit computation we can
compute the anomalous dimension for these operators to four loops.
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1 Introduction
Integrability has proven to be a powerful tool in computing the spectrum of operators
in highly superconformal gauge theories (see [1] for a comprehensive review.) The most
studied theory is of course N = 4 Super Yang-Mills (SYM). A while ago, Leigh and
Strassler showed that N = 4 SYM has three independent deformations that preserve
N = 1 superconformal symmetry [2]. The Leigh-Strassler superpotential can be written
as
W = κ
(
Tr(XY Z − qXZY ) + h
3
(TrX3 + Tr Y 3 + TrZ3)
)
. (1.1)
By a chiral field phase rotation κ can be chosen real. There is a further relation of the
couplings to gYM, the Yang-Mills coupling, leaving a three complex dimensional space of
N = 1 superconformal theories.
Leigh and Strassler’s argument is essentially an existence proof for the marginal
directions, but the relation of the couplings is known, at least to the first few loop
orders, and in the planar limit is given by [3]
2g2
YM
= κκ¯(1 + qq¯ + hh¯) . (1.2)
The most well known deformation is the so-called β-deformation where h = 0 and
q = e−2iπβ with β real (see [4] for a review). After a field redefinition, this modifies the
N = 4 superpotential to
W = gYM Tr(X [Y, Z])→ gYM Tr(eiπβXY Z − e−iπβXZY ) . (1.3)
Staying in the planar limit, the relation in (1.2) is exact [5, 6]. Furthermore, the com-
putation for the spectrum of local operators is an integrable problem [7–10]. In [8] it
1
was shown at the one-loop level that the corresponding Bethe equations are the same
as N = 4 except for a β-dependent shift. This was extended to all loops in [9]. The
supergravity dual for the β-deformed theory is known [11] and its world-sheet theory
has been shown to be classically integrable, even though it is not a coset [10, 12].
For a general deformation it appears that integrability might be lost. Even at the
one-loop level, for complex β the resulting spin-chain is a known integrable model only
in the SU(2) sector [8]. Moreover, the relation between the couplings in (1.2) gets higher
loop corrections starting at four-loop order [5, 13, 14].
Less attention has been paid to deformations with nonzero h, although interesting
results have still been found. In [15–17] it has been shown that for the choice q =
(1+ ρ)eπin/3, h = ρeπim/3 where ρ is real and n and m are integers, the R-matrix in the
SU(3) sector satisfies the Yang-Baxter equation. However, it was also shown that all
such theories are related to the β-deformed theories via similarity transformations [15].
Another interesting branch has q = 0 and |h| = 1, which was shown to be integrable at
the one-loop level [17] and also has been conjectured to require no higher-loop corrections
to (1.2) [18].
In this paper we consider a branch of Leigh-Strassler theories that is far away from
the N = 4 branch. Here we let κ = 0 in (1.1) while at the same time taking h → ∞
such that ĥ ≡ hκ is finite. The superpotential then takes the form
W =
ĥ
3
(
TrX3 + Tr Y 3 + TrZ3
)
, (1.4)
where ĥ can be chosen real. We call this the “cubic” Leigh-Strassler model1. The model
has a U(1) R-symmetry, but unlike the β-deformed theory, it does not have an extra
U(1)× U(1) global symmetry. It does have an S3 × Z3 × Z3 discrete symmetry, which
is a larger symmetry group than the generic superpotential in (1.1), which only has a
Z3 × Z3 symmetry.
Using the relations of the couplings in (1.2), we see that for the cubic model |ĥ|2 =
2g2
YM
in the planar limit, at least to the lowest few loop orders. Starting at four-loops
this relation gets corrected [18]. Given the nature of the superpotential in (1.4) many
single trace operators composed of scalar fields do not mix with other operators. In fact,
we will show that an exponentially large number, ∼ 2L/L where L is the length of the
operator, receive no anomalous dimensions to any loop order in the planar limit. We
will refer to such states as planar protected. This suggests that the gravity dual for this
theory is stringy in nature.
This result about planar protected states relies on properties of supergraphs [19] (see
[20] for a review that centers on supergraphs inN = 4 SYM.) Supergraph technology can
vastly reduce the number of Feynman diagrams that appear in an anomalous dimension
calculation. In the case of the SU(2) sector of N = 4 SYM, the one-loop diagrams
in [21] are reduced to a single diagram using supergraphs. At higher loops, the heroic
effort to compute the four-loop wrapping corrections in [22, 23] would have been well-
nigh impossible without using supergraphs. Even in ABJM/ABJ theories, the four-loop
calculations in [24, 25] to compute corrections to an unknown function of the ’t Hooft
parameters were simplified in [26] by using N = 2 superspace [27]. In both N = 4 SYM
1Of course, the entire Leigh-Strassler moduli space is cubic. The name chosen here is intended to
be a shortened version of Fermat cubic.
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and ABJM/ABJ, a key to the simplification is a set of finiteness conditions that can be
used to discard many graphs [28].
An important property of the supergraphs is that they naturally come with factors
of so-called chiral functions (to be explained in the text). The chiral functions can
be read off from the “skeletal” part of the supergraph, which is the supergraph with
all vector propagators and vertices removed. In the SU(2) sector many of the chiral
functions are equivalent and one ends up combining the different classes of supergraphs
together to, say, compare a supergraph calculation with a result expected from the
magnon dispersion relation [28].
In this paper we offer a conjecture that disentangles the rational contributions of
certain chiral functions to the magnon dispersion relation. It is based on Sieg’s explicit
three-loop computation [28] of the dilation operator in the SU(2) sector [29]. It proposes
a natural decomposition of individual contributions which are indistinguishable in this
sector, but act differently outside of it. This allows us to find an all-loop contribution for
the rational part of supergraphs with a particular chiral function. This technique does
not work for all chiral functions, but only for a class of them that we call connected.
The chiral functions arise out of the N = 4 superpotential, but given the all-loop
contribution of supergraphs for the connected chiral functions, we can apply it to the
N = 1 superconformal deformations by replacing the N = 4 chiral functions with
those appropriate for the N = 1 theory. In the β-deformed case this is straightforward
[30, 31], but for the cubic model this is more complicated because of the four-loop
correction to ĥ. The correction implies that we must include additional supergraphs
in the overall computation, and depending on one’s prescription, infinite counterterms.
Nevertheless, we will argue that for a particular class of single trace operators the tuning
of ĥ that keeps the cubic model superconformal also cancels out the contributions of the
additional supergraphs, at least to five loops. For these states only one chiral function
acts nontrivially and we use its form for the cubic model to explicitly find the anomalous
dimension of these operators. Starting at six loops there are other types of these extra
diagrams that we have not yet determined if they will cancel with the tuning.
While we claim that the conjecture is valid for the rational contributions, starting
at four loops there are higher transcendental contributions that do not cancel out for
the individual chiral functions, but do cancel once identifications are made between
chiral functions [32]. Nonetheless, certain chiral functions are easier to compute than
others, and one can use the N = 4 dispersion relation to extract the contribution of the
more difficult to compute chiral function by directly computing the easier one. We have
done this at the four-loop level [32] to find the chiral function relevant for our N = 1
theory and can thereby find the anomalous dimensions to four-loop order for this class
of operators.
In section 2 we review some relevant properties of superspace diagrams. In section
3 we make the conjecture relating the rational part of superspace diagrams to the di-
latation operator. In section 4 we apply the results of sections 2 and 3 to the cubic
model. We first show how to take the corrections of ĥ into account. We then present
the one-loop Hamiltonian in the chiral scalar sector, writing it as an SU(3) analog of
the anti-ferromagnetic Ising model. At higher loops, aside from arguing the claims of
the preceding paragraphs, we also briefly discuss some other operators outside of these
classes. We also discuss the possibility of a finite Hagedorn temperature at strong cou-
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pling. In section 5 we summarize our results and discuss future directions.
2 Superspace for composite operators
In this section we discuss the correlators of composite operators in superspace [19, 20].
For the purposes of this discussion, a composite operator O in N = 4 SYM and their
N = 1 deformations will mean a single trace operator containing the scalar chiral fields
X , Y and Z, which we also write as φi, i = 1, 2, 3, as well as the gaugino chiral field
Wα = −14D¯2DαV , where V is the vector superfield. The anti-chiral fields are given
by φ¯i and W¯α˙. In N = 4 language, these are the operators that make up the closed
SU(2|3) sector [33]. We will also consider scalar composites where only the scalar fields
are present.
The building blocks of a supergraph are the propagators for the chiral and the vector
fields, and the vertices. A chiral field progagator is denoted by
〈 φi ab φ¯jcd 〉 = p = δ
i
j
δadδ
c
b
p2
δ4(θ1 − θ2) (2.1)
where the raised indices a, c refer to fundamental gauge indices and the lowered indices
b, d refer to anti-fundamental gauge indices. Strictly speaking this is the propagator
for a U(N) gauge theory, but this is immaterial in the large N limit. Likewise, the
propagator for the vector fields is
〈 V ab V cd 〉 =
p
= −δ
a
dδ
c
b
p2
δ4(θ1 − θ2) (2.2)
Note that the superspace propagators have dimension −4.
The possible vertices include the chiral vertex,
Vφiφjφk =
D¯
2
D¯
2
i (Gijkδ
a2
b1δ
a3
b2δ
a1
b3 +Gikjδ
a3
b1δ
a1
b2δ
a2
b3) (2.3)
where Gijk is a coupling that depends on the relevant theory. In the case of N = 4
SYM we have that Gijk = gYM ǫijk. The gauge indices are numbered in the order that
the fields appear in the vertex. Two of the three legs of the vertex include the square of
super-derivatives D¯2 = ǫα˙β˙ D¯α˙ D¯β˙. Since the superpotential has no mass terms, a chiral
vertex cannot connect with another chiral vertex.
There is also the anti-chiral vertex
Vφ¯iφ¯j φ¯k =
D
2
D
2
i
(
Gijkδa2b1δ
a3
b2δ
a1
b3 +G
ikjδa3b1δ
a1
b2δ
a2
b3
)
, (2.4)
which can connect with a chiral vertex. Other vertices which can appear involve the
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gauge fields. The ones relevant for three-loop calculations are
Vφ¯jV φi =
D¯
2
D
2
gYMδ
j
i (δ
a2
b1δ
a3
b2δ
a1
b3 − δa3b1δa1b2δa2b3)
VV 2φ¯iφj =
D¯
2
D
2
g2
YM
2
δij (δ
a2
b1δ
a3
b2δ
a4
b3δ
a1
b4 + δ
a1
b2δ
a3
b1δ
a4
b3δ
a2
b4)
VV 2φiφ¯j =
D
2
D¯
2
g2
YM
2
δji (δ
a2
b1δ
a3
b2δ
a4
b3δ
a1
b4 + δ
a1
b2δ
a3
b1δ
a4
b3δ
a2
b4)
VV φ¯iV φj =
D
2
D¯
2
(−g2
YM
)δij (δ
a2
b1δ
a3
b2δ
a4
b3δ
a1
b4) (2.5)
Note that all of the above vertices come with an integral over superspace
∫
d4θ.
Finally, the composite operator itself can be thought of as a chiral vertex. If it is a
scalar composite with L scalar chiral fields, then we denote it as a chiral vertex with L
legs,
O = . . . D¯
2
D¯
2
D¯
2
D¯
2
. . . (2.6)
Like the three-point chiral vertex, all but one leg coming out of the composite operator
has a D¯2 attached to the leg. Integrating by parts, it is possible to choose any of the legs
emerging from the operator to be the one without the D¯2 factor. If we were to consider
the more general case of composites that also contain Wα fields, then the composite
vertex would like
O = . . . D¯
2
D¯
2
−
14
D
β
D¯
2
−
14
D¯
2
D
α
. . . (2.7)
Again, one leg is missing a D¯2, in this case it is a Wα leg.
As is well known, the dimension of O has loop corrections, and these loops lead
to mixing among the operators. It is hence best to consider the dilatation operator D
that acts on the composite operator and whose eigenvalues are the dimensions of linear
combinations of composite operators. D has a perturbative expansion in g2YM, but in
the large N limit, one only need consider planar contributions to D. Hence, the dilation
operator can be written as
D =
∞∑
n=0
g2nDn, (2.8)
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where g2 ≡ g2YMN
16π2
= λ
16π2
. Focusing on the case of scalar composites, the lowest order
contribution is just D0 = L. The first order contribution comes from the supergraph
(2.9)
which is a one-loop supergraph with a chiral and an anti-chiral vertex.
The evaluation of any supergraph requires the D-algebra [19,23,28], which combines
integration by parts with identities for the super-derivatives. Applying this to the super-
graph in (2.9), we can choose to have one of the propagators in the loop with a D2 and
D¯2 factor and the other propagator with no super-derivatives. The D2 and D¯2 cancel
one of the δ4(θ) terms from the propagators while the other δ4(θ) term is absorbed by
the integral over superspace from the vertex, leaving an ordinary scalar integral. The
supergraph will also come with a factor of GijkG
klm, where ij are the two incoming
indices of the scalar fields (going left to right) and lm are the outgoing indices (going
right to left).
Before stating the result of this integration, let us do a simple power counting ex-
ercise for the supergraph. The loop has one vertex (hence one integration over
∫
d4θ),
two propagators , 4 super-derivatives and one loop momentum integral. Hence, the di-
mension is 2−8+2+4 = 0. Thus we expect this integral to be logarithmically divergent
and lead to a contribution to the anomalous dimension. In fact it does. The diver-
gent part of the scalar integral is 1
32π2ǫ
GijkG
klm where we have dimensionally reduced to
D = 4 − 2ǫ [28]. If we consider the contribution in the SU(2) sector for N = 4 SYM,
where the scalar fields are restricted to X and Y , then the dilatation operator becomes
D1 = 2χ(1) , (2.10)
where χ(1) is an example of a chiral function. The chiral functions are defined as [23,28]2
χ(a1, a2 . . . an) ≡
L−1∑
j=0
(1− Pj+a1,j+a1+1)(1− Pj+a2,j+a2+1) . . . (1− Pj+an,j+an+1) , (2.11)
where Pj,j+1 is the exchange operator between neighboring sites. A useful property of
chiral functions is
χ(a1, . . . aj , aj+1 . . . an) = χ(a1, . . . aj+1, aj . . . an) (2.12)
if |aj − aj+1| ≥ 2, while
χ(a1, . . . aj , aj+1 . . . an) = 2χ(a1, . . . aj . . . an) (2.13)
if aj = aj+1. We will call a chiral function connected if it can be arranged using (2.13)
to a chiral function where |aj − aj+1| = 1 for all j. Otherwise, the chiral function is
disconnected.
2Note that our convention differs by a factor of (−1)n.
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Power counting can be used to exclude many supergraphs [23, 28]. One of the most
powerful rules is that in order to have a divergent supergraph, there must be an anti-
chiral vertex that sits outside of all loops [28]. Clearly the supergraph in (2.9) satisfies
this criterion. But then it must also follow that if a supergraph has its composite oper-
ator legs connected by gauge propagators only, then this supergraph cannot contribute
to D [28]. For example, the supergraph
(2.14)
only has connections between neighboring legs via gauge propagators, hence power
counting will indicate that this supergraph is finite. The diagram could have subdiver-
gences, but these will cancel with with the subdivergences coming from other diagrams
because of the superconformal symmetry. If all legs in a composite are unconnected to
their neighboring legs then power counting does not rule out divergences. However, the
contribution of each leg comes strictly from the chiral field self-energy, whose divergences
cancel by superconformal invariance. Notice that these arguments do not actually rely
on the N = 4 supersymmetry. As long as one has an N = 1 superconformal gauge
theory with a well-defined perturbative expansion they are still valid.
3 A conjecture for chiral supergraphs in N = 4 SYM
In this section we present a conjecture for a class of supergraphs in N = 4 SYM. In the
next section these results will be applied to the cubic Leigh-Strassler model.
To this end, let us consider an operator of length L in the SU(2) sector of N = 4
SYM, where L >> 1 so that wrapping effects can be ignored. Let us assume that we
have one magnon on top of the chiral primary groundstate with momentum p. Strictly
speaking this will not be a physical operator, but we can assume that there is another
magnon on the spin-chain with opposite momentum, and if we further assume that the
magnon is far away then it has a minimal effect on the other magnon’s energy. The
magnon can be represented by the state
|p〉 ≡
L∑
j=1
j
↓
eipj|XXX . . .XY X . . .XXX〉 , (3.1)
which has an energy
ε(p) =
√
1 + 16g2 sin2
p
2
− 1 . (3.2)
We next observe that we can write the identity
ε(p)|p〉 =
(√
1 + 4g2χ(1)− 1
)
|p〉
=
∞∑
m=1
Γ(3/2)
Γ(m+ 1)Γ(3/2−m)(2g)
2m
[
χ(1)m
]
c
|p〉 , (3.3)
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where the expression [χ(1)m]c refers to the connected part of the product. The un-
connected chiral functions give zero when acting on |p〉. The first several connected
products are
[χ(1)2]c = 2χ(1) + χ(1, 2) + χ(2, 1)
[χ(1)3]c = 4χ(1) + 4χ(1, 2) + 4χ(2, 1) + χ(1, 2, 3) + χ(3, 2, 1) + χ(1, 2, 1) + χ(2, 1, 2)
[χ(1)4]c = 8χ(1) + 12χ(1, 2) + 12χ(2, 1) + 6χ(1, 2, 3) + 6χ(3, 2, 1)
+6χ(1, 2, 1) + 6χ(2, 1, 2) (3.4)
+χ(1, 2, 3, 4) + χ(4, 3, 2, 1) + χ(1, 2, 3, 2) + χ(2, 3, 2, 1)
+χ(2, 1, 2, 3) + χ(3, 2, 1, 2) + χ(1, 2, 1, 2) + χ(2, 1, 2, 1)
We can also see the expansion diagrammatically using the basic χ(1) building block, .
For example, we have[
×
]
c
= + + = χ(1, 2) + 2χ(1) + χ(2, 1) . (3.5)
After expanding [χ(1)n]c as in (3.4), the expression in (3.3) can be resummed, where
we find
∞∑
m=1
Γ(3/2)
Γ(m+ 1)Γ(3/2−m)g
2m
[
χ(1)m
]
c
= F1(g
2)χ(1) + F2(g
2)
[
χ(1, 2)+χ(2, 1)
]
(3.6)
+F3(g
2)
[
χ(1, 2, 3)+χ(3, 2, 1)+χ(1, 2, 1)+χ(2, 1, 2)
]
+ . . .
with Fn(g
2) given by
Fn(g
2) =
∞∑
m=n
Γ(3/2)
mΓ(3/2−m)Γ(n)Γ(m− n+ 1) (2g)
2m
=
(−1)n+1Γ(n−1/2)
2
√
π Γ(n+1)
(2g)2n 2F1(n−1/2, n;n+1;−8g2) . (3.7)
Note that the function Fn(g
2) that appears in front of a connected chiral function
χ(a1, . . . an) depends only on n and not the particular values of the aj (although we
assume that |aj − aj+1| = 1). Even though the function is written in terms of a hyper-
geometric function for general n, all functions are algebraic. The first three examples of
these functions are
F1(g
2) =
1
2
(
√
1+8g2 − 1)
F2(g
2) = −1
8
(√
1+8g2−1
)2
√
1+8g2
F3(g
2) =
(
√
1+8g2−1)3(3
√
1+8g2+1)
64(1+8g2)3/2
. (3.8)
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There is one caveat concerning this construction. Many of the chiral functions are
equivalent in the SU(2) sector. In particular, in the SU(2) sector the chiral functions
satisfy the following identity
χ(a1 . . . aj , aj + 1, aj . . . an) = χ(a1 . . . aj , aj − 1, aj . . . an) = χ(a1 . . . aj . . . an) . (3.9)
Since a single magnon can always be placed in the SU(2) sector under a global transfor-
mation of the SU(2|2)⋉SU(2|2) symmetry group, it might not be meaningful to break
up the energy as in (3.3).
Recently, however, Sieg explicitly computed the SU(2) sector dilatation operator in
superspace to three loop order [28]. The three loop prediction was first made in [34]
based on integrability, where in the language of chiral functions it is given by3
D3 = 4
(
χ(1, 2, 3)+χ(3, 2, 1)
)− 4χ(1, 3) + 16(χ(1, 2)+χ(2, 1))+ 24χ(1). (3.10)
One can see that this is consistent with the dispersion relation in (3.3) by using χ(1, 2, 1) =
χ(2, 1, 2) = χ(1). In Sieg’s computation, he found that the following diagrams contribute
to D3 with a χ(1) factor:
2
(
+ + +
2
)
+
2
(3.11)
where the circled 2 indicates a two-loop self-energy or vertex correction. Both the self-
energy and the vertex correction must be finite by the superconformal invariance. The
overall factor of 2 in front of the first four diagrams takes into account their reflections.
Note that all of these supergraphs have two neighboring legs connected by a chiral
vertex, but if there is a third leg it is only connected by vector propagators. The
resulting contribution to D3 from these supergraphs is [28]
∆(1)D3 = 16χ(1) . (3.12)
There are two further supergraphs that contribute to χ(1), which do so through a
χ(1, 2, 1) or a χ(2, 1, 2) structure. These are
+ (3.13)
which give the contribution [28]
∆(1,2,1)D3 +∆(2,1,2)D3 = 4χ(1, 2, 1) + 4χ(2, 1, 2) . (3.14)
Hence, even though χ(1, 2, 1) and χ(2, 1, 2) are identified with χ(1) in the SU(2) sec-
tor, the linear combination of connected chiral functions from the three loop dilatation
operator is the same linear combination as in [χ(1)3]c.
3We drop a term that does not affect the spectrum.
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Base on this evidence, t is tempting to conjecture that the all-loop sum of supergraphs
with the connected chiral function χ(a1, a2 . . . aj , . . . an) is given by
Fn(g
2)χ(a1, a2 . . . aj , . . . an) , (3.15)
where Fn(g
2) is defined in (3.7). Note that the sum would include the contributions of
all possible insertions of gauge vertices and propagators as well as chiral loops. However,
studies at four loops and higher show that this is not the case [32]. Instead we make the
weaker statement that (3.15) captures the rational contribution to the chiral functions.
Starting at four loops there are higher transcendental terms that contribute to the chiral
functions, but cancel out in theN = 4 dispersion relation because of the identity in (3.9).
We can still use the N = 4 dispersion and the weaker conjecture to make statements
about higher loop contributions to the anomalous dimensions in N = 1 models.
4 Application to the cubic Leigh-Strassler model
4.1 The cubic model and its corrections to the coupling
In this section we apply the results from the previous two sections to the cubic Leigh-
Strassler model.
Let us quickly review where the identification ĥ =
√
2 gYM comes from. In order for
the theory to be superconformal, the anomalous dimensions of the chiral fields must be
zero. In superspace, this means that the self-energy for the chiral fields is finite. If we
had chosen the superpotential in (1.1) to have h = 0, q = 1 and κ = gYM, then this
would be the superpotential for N = 4 SYM where we know that all self-energies are
finite. Hence, it is just a question of comparing the difference using the different chiral
vertices. At the one-loop level the relevant supergraph for the self-energy of, say, a Z
chiral field is the skeleton4
Z Z¯ (4.1)
In the case of planar N = 4 SYM there are two ways to assign the X and Y flavors
on the internal propagators, but for the superpotential in (1.4) there is only one way.
Hence, to compensate for this difference, ĥ should be chosen equal
√
2 gYM so that the
contributions of this supergraph to the self-energy are the same. The divergent part
from this supergraph will then cancel with the one-loop supergraphs having only gauge
vertices.
Remarkably, this counting works all the way up to the four loop-level, where one
encounters a new type of graph that requires a modification of the ĥ value of order
∆ĥ ∼ g7
YM
N3 [18]. At four loops one has the self-energy skeleton [13, 14]
Z Z¯ (4.2)
4We will call any supergraph with only chiral propagators a skeleton.
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which has four chiral vertices and 4 anti-chiral vertices. In the case of planar N = 4
SYM one finds that there are 8 ways to assign the flavors on the internal propagators.
However, since ĥ has been set to
√
2 gYM , this supergraph will come with a factor of 16
for the cubic model. Hence, there is no longer a matching. To compensate, one must
adjust ĥ to
√
2gYM + ∆ĥ so that the scalar field anomalous dimension remains zero to
order g8. Diagrammatically the correction looks like
Z ∆ Z¯ + Z ∆ Z¯ (4.3)
where the blob with the ∆ denotes the tree-level correction to the chiral vertex coming
from the correction to ĥ.
As was pointed out in [13, 14], canceling the contributions to the anomalous di-
mension is not the same as canceling the divergence in the chiral propagator since the
contributions come at different loop orders. Using dimensional reduction, the divergence
coming from the graphs in (4.3) and the extra contribution in (4.2) equals
Ag2 δĥ
gYM ǫ
(
µ2
p2
)ǫ
+
B g8
ǫ
(
µ2
p2
)4ǫ
, (4.4)
where A and B are some constants, whose actual values can be found in [18], but are
not necessary for us here. Hence, to cancel the anomalous dimension, one should set
Aδĥ+ 4 gYM g
6B = 0 . (4.5)
This leaves the divergence in (4.4) uncanceled.
There are two proposed ways to deal with this mismatch of divergences, which turn
out to be equivalent, at least for everything computed in the latter part of this section.
One way is to include ǫ dependent corrections in ĥ with lower powers of gYM [18,35–37].
In this case the ǫ−1 poles can be canceled with ǫ−4 poles and lower. In this sense the
theory is finite.
The other option is to include infinite counterterms for the chiral propagators and
gauge vertices [14], which are related by the Slavnov-Taylor identities. We will use this
procedure here because the bookkeeping strikes us as simpler. Hence, at the four loop
level we would add the counterterm −(A ĥ+B g6)ǫ−1 to the chiral propagator to cancel
the divergence. At five-loops not only will there be new single poles, but there will be
double poles as well that need to be canceled. One can keep going to higher and higher
powers of g2 in a systematic fashion, canceling the anomalous dimension and the poles,
as well as contributions coming from more complicated skeletons, by adding corrections
to ĥ and counterterms. This process does introduce scheme dependence [14] because the
counterterms can include finite pieces which affect the next order anomalous dimension
cancelation. Hence the five-loop correction to ĥ is scheme dependent. However, in the
five-loop computation we present later the result is scheme independent, assuming that
one uses the same regularization scheme for the operators as for the chiral fields.
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4.2 Planar protected states
In the scalar sector, the one-loop Hamiltonian of the cubic model is that of an SU(3)
generalization of the anti-ferromagnetic Ising model. Its explicit form is
g2D1 = 4 g2
L∑
j=1
(
1
3
+ 2 τ 3j τ
3
j+1 +
3
2
τ 8j τ
8
j+1
) ≡ 2 g2 χ(1) , (4.6)
where τ 3 and τ 8 are the SU(3) generators
τ 3 = diag
(
1
2
,−1
2
, 0
)
, τ 8 = diag
(
1
3
, 1
3
,−2
3
)
. (4.7)
This defines the chiral function χ(1) for the cubic model. The spin-chain has no kinetic
term and one can easily verify that the contribution from neighboring sites with the
same flavors is 4g2, while the contribution from neighboring sites with different flavors
is 0.
In order to investigate the higher loops, we can borrow many of the arguments from
the preceding sections since the coupling in the cubic model is assumed to be tuned so
that there is N = 1 superconformal symmetry. For example, if no nearest neighbors
in a supergraph are connected by a chiral vertex, then the supergraph is finite. The
corrections to ĥ and the counterterms do not change this argument because the subdi-
vergences will continue to cancel. Given the superpotential in (1.4), this implies that if
all nearest neighbors in the scalar composite have different flavors then all supergraphs
are finite at the planar level since there is no way to connect neighboring fields with a
chiral vertex. Phrased differently, all chiral functions for the cubic model acting on such
an operator are zero. Hence, in the planar limit, all such operators have zero anomalous
dimension for all values of the coupling.
We will refer to these operators as “planar protected”. They are not chiral primaries,
because nonplanar supergraphs can contribute to their anomalous dimensions. This is
also evident from the symmetry, which does not have individual conserved charges for
the different flavors. For scalar composites of length L, L >> 1, there are ∼ 2L/L
different planar protected composites. While perhaps obvious to many, we explain the
counting in the appendix.
4.3 The one-pair states
We next consider scalar composites where one pair of nearest neighbors have the same
flavor but all other nearest neighbors have different flavors. We call these one-pair
states. The only possibility for a divergent supergraph is that the nearest neighbors
in the pair are connected by a chiral vertex. Since the outgoing fields are the same as
the incoming ones, these composites do not mix at the planar level to all orders in the
coupling. Hence, the position of the pair is fixed on the composite, up to the overall
cyclic symmetry.
For these states, only the χ(1) supergraphs contribute. Hence, up to three loop level
we can borrow the χ(1) contribution of the N = 4 dilatation operator, replacing the
χ(1) with the one found in (4.6) to compute the anomalous dimension of this operator.
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Taking the expansion of F1(g
2) in (3.7) and using that χ(1) = 2 for the one-pair states
gives
δ
(3)
XX = 4g
2 − 8g4 + 16g6 +O(g8) , (4.8)
where the subscript indicates that this is for a one-pair state. We can use the N = 4
dispersion relation to find the four-loop contribution. If we use the conjecture from the
previous section we can also find the rational contributions to δXX beyond four loops.
However, since there is a four-loop correction to ĥ it is first necessary to adjust the
contributing supergraphs. At four loops one has the supergraph
(4.9)
One can easily check that this supergraph has an extra factor of 2 in the cubic model
as compared to the N = 4 case, just like the self-energy. To this we should add the
correction
∆
+
∆
(4.10)
Since the topologies of the loops and comparative factors in (4.9) and (4.10) are the same
as in (4.2) and (4.3) respectively, the divergent part in (4.10) is exactly the same as in
(4.4). Hence, canceling the anomalous dimension for the chiral fields ensures that there
is no correction to the anomalous dimension at order g8. All other four-loop supergraphs
lead to the same result as in N = 4 SYM.
There is still an uncanceled divergence which should be removed by adding a coun-
terterm for the operator. To find the appropriate counterterm, we note that the equa-
tions of motion set
XX =
i
hˆ
∫
d2θ¯e−gYMV X¯egYMV . (4.11)
Since the righthand side comes from the D term in the Lagrangian, it will have the
same wave-function renormalization factor as the chiral propagator. Hence, the operator
counterterm can be implemented by replacing XX with the righthand side of (4.11) and
with the same counterterm factor as for the chiral propagator. Diagramatically, we draw
this term as
(4.12)
where one should keep in mind that the upper vertex does not come with a factor of
ĥ since it has been divided out by the ĥ in the denominator of the counterterm. The
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divergence in (4.12) along with those in (4.10) now cancel in a way parallel to the
cancellation of divergences for the chiral propagator.
We can extend the argument to five loops. In this case there can be one vector
propagator added to (4.9) and (4.10) in various configurations. For example, one has
the supergraphs
+ + +
∆
+
∆
(4.13)
as well as their reflections. These supergraphs have the same topologies as the following
contributions to the 5 loop self-energy
+ + + ∆ + ∆ (4.14)
where the corresponding diagrams for the reflections have the vector propagators below
the external legs. There are many other supergraphs similar to (4.13), but where both
ends of the vector propagator are attached to points below the anti-chiral vertex. Each
one of these supergraphs is equivalent to a particular five-loop self-energy diagram.
Moreover, there is an equivalence for the terms involving counterterms, namely
=
∆
(4.15)
Then there are the five-loop supergraphs involving three legs, for example
+ + + (4.16)
as well as their reflections. Using the D-algebra, one can show that the first two and
the last two each sum to a UV finite result [23, 28], although this is not crucial for our
argument. These supergraphs are topologically equivalent to the five-loop self-energy
supergraphs
+ + + (4.17)
If we include the reflections of the supergraphs in (4.17), then the divergence from all
possible five-loop supergraphs involving the basic four-loop skeleton in (4.9) equals the
divergence from all possible self-energy supergraphs built from the four-loop self-energy
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skeleton in (4.2). The same holds true for the two-loop supergraphs built out of (4.10)
and the one-loop term built from the counterterm in (4.12). Finally, both the chiral
propagator and the operator require the same double-pole counterterm to cancel this
divergence. Hence, if ĥ and the counterterms are tuned to cancel the divergences in
the five-loop self-energy, then they also cancel the unwanted divergences of the operator
supergraphs. We emphasize that this is independent of the regularization scheme one
chooses.
This matching of operator supergraphs to self-energy supergraphs can be applied to
higher loops as well, as long as the supergraphs involve only two or three legs of the
scalar composite. However, starting at six loops one can have supergraphs involving
four legs. The contribution from those built from the skeleton in (4.9) are
+ + + + + ,
(4.18)
plus the reflections of the last four. One can show using the D-algebra that the diver-
gences in these supergraphs cancel in pairs [23, 28]. Furthermore, using the D-algebra
the last four can be shown equivalent to the six-loop self-energy diagrams
+ + + . (4.19)
The first two diagrams in (4.18) do not have an obvious mapping to self-energy diagrams,
although this is not important since their UV divergent parts cancel. Likewise, there are
six-loop self-energy diagrams that do not have obvious partners for operator diagrams.
At this time we have not established whether or not the UV divergences for these
unmatched self-energy diagrams cancel because of D-algebra identities.
Having established the cancellation of these extra terms to at least five-loop order, we
now claim using the conjecture from the previous section that the anomalous dimension
for the one-pair class of operators is
δ
(5)
XX = 2F1(g
2) + T (1)(g2) + O(g12) =
√
1 + 8g2 − 1 + T (1)(g2) + O(g12) . (4.20)
The function T (1)(g2) contains higher transcendental terms starting at four-loop order.
We can find the four-loop contribution to T (1)(g2) indirectly. The connected chiral
functions that receive four-loop contributions include χ(1), χ(1, 2, 1) and χ(2, 1, 2). By
symmetry, χ(1, 2, 1) and χ(2, 1, 2) have the same four-loop contribution and both are
equivalent to χ(1) in the SU(2) sector. If χ(1, 2, 1) has a transcendental contribution,
since no such term appears in the N = 4 dispersion, it must cancel out with a contribu-
tion from T (1)(g2). In [32] we show that the four-loop transcendental contribution from
χ(1, 2, 1) is 8ζ(3)g8, hence to cancel this, we must have
T (1)(g2) = −16ζ(3)g8 +O(g10) . (4.21)
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Therefore, the anomalous dimension, up to and including four-loop order, is
δ
(4)
XX = 4g
2 − 8g4 + 16g6 − 16(5 + ζ(3))g8 +O(g10) , (4.22)
Note that since the four-loop transcendental contribution is negative, we expect that
the anomalous dimension scales less than g for large g.
Note that result in (4.20) will be modified by wrapping corrections [22, 23, 38–40].
Just like the case of N = 4 SYM, there is a correction at L loop order for a composite
operator of length L.
4.4 Multi-paired states
We can also consider multiple pairs of fields. The positions of the pairs are still fixed. If
pairs are neighbors then they must be composed of different scalar fields. Even though
the pairs are fixed they still have a separation dependent potential. At weak coupling
the potential scales as g2(2+ℓ), where ℓ is the separation. This means that the interaction
first shows up at three-loop order. The three-loop dilatation operator in (3.10) contains
the term
D(1,3)3 = −4g6χ(1, 3) . (4.23)
Hence, the change in energy for each neighboring pair is −16g6 to lowest nonzero order.
We conclude that for any scalar composite operator with no more than two sequential
flavors of the same type anywhere in the trace, the anomalous dimension is known to at
least three-loop order. This means that for scalar composites of length L, we know the
anomalous dimensions for approximately 1
L
(
11
4
)L
different operators, along with their
complex conjugates (see the appendix for an explanation of the counting).
4.5 Quadruplets
When there are three or more sequential scalar fields with the same flavor, the composite
operator can mix with other composites and the spin-chain becomes dynamic. For
instance, XXX can mix into ǫαβWαWβ through the supergraph
(4.24)
where a D¯2Dα and a Dβ are pulled out of the loop and onto the vector legs. This
assumes that one of the three scalar fields is missing a D¯2, otherwise we would pull out
an extra D¯2 onto the second vector.
Once produced, the Wα’s can migrate along the chain, or the pair can mix back
into XXX , Y Y Y or ZZZ. To see what happens in this latter case, suppose we start
with a composite operator that alternates between X and Y , except for one sequence
of Y Y Y Y ,
. . .XYXYX [Y Y Y Y ]XYXYXY . . . (4.25)
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Then either the left three Y ’s or the right three can transform into anXXX through a
W 2, which is essentially a two-loop effect [33]. This leaves anXXXX either to the left
or the right of the original Y Y Y Y . The process can then continue. For example, we
could have the pattern
. . .XYXYX [Y Y Y Y ]XYXYXY . . .
↓ W 2
. . .XYXY [XXXX ]Y XYXYXY . . .
↓ W 2
. . .XYX [Y Y Y Y ]XYXYXYXY . . .
↓ W 2
. . .XYXY [XXXX ]Y XYXYXY . . .
(4.26)
where we see that the quadruplet of scalar fields can propagate in either direction along
the chain. Its position determines whethere the quadruplet isXXXX or Y Y Y Y . While
Y Y Y and XXX can also mix into ZZZ, the ZZZ will be fixed in place and will
eventually transform back intoXXX or Y Y Y . Since the triplet ZZZ has less energy
than the quadruplet at the one-loop level, where the scalar composite is nondynamical,
this will be a higher order effect.
If we had started with a scalar composite with only the triplet Y Y Y , then it could
behave as follows
. . .XYXYX [Y Y Y ]XYXYXY . . .
↓ W 2
. . .XYXY [XXXXX ]YXYXY . . .
↓ W 2
. . . XYX [Y Y Y Y ][XX ]YXYXY . . .
↓ W 2
. . .XY [XXXX ]Y [XX ]YXYXY . . .
(4.27)
Here we see that the triplet has split into a pair and a quadruplet. The pair stays fixed
while the quadruplet migrates along the chain. The pair then acts as a fixed impurity
which the quadruplet can scatter through.
One can continue to add quadruplets and pairs onto the chain. It should be straight-
forward to derive the Hamiltonian for this system up to two-loop order using the dilation
operator of the SU(2|3) sector in [33], although we have not done this here.
4.6 A finite Hagedorn temperature at strong coupling?
The exponential growth in L of the planar protected states would indicate that the
gravity dual of this theory is very unusual. The gravity dual for the superpotential in
(1.1) with q = 1 and |h| << 1 has been investigated in [41, 42]. For the dual one turns
on fluxes and deforms the S5. The cubic model is far away from this regime. In any
case, even at large coupling the exponential growth of the planar protected operators
would seem to indicate that the theory on S1×S3 has a Hagedorn temperature of order
one in units of the S3 inverse radius, even at strong coupling. At zero coupling the
particle content is the same as N = 4 SYM and hence would have the same Hagedorn
temperature [43, 44]. Going to infinite coupling in N = 4 SYM takes the Hagedorn
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temperature to infinity, since the growth of chiral primaries is polynomial in L. Of
course this is expected since the dual theory reduces to supergravity. For the cubic
model, since there appears to be a finite Hagedorn temperature it would indicate that
the low energy gravity dual is stringy in nature.
Even though the cubic model appears to have a Hagedorn temperature, it is far
from obvious that there would be a sharp phase transition here. At weak coupling, the
Hagedorn temperature indicates a breakdown in planarity. But if planarity is breaking
down, then the nonplanar contributions to the anomalous dimensions become important.
This could then tamp down the exponential growth in the density of states and push
the transition point upward, perhaps all the way to (λ)1/4 in the strong coupling limit.
5 Discussion
In this paper we considered the cubic branch of the Leigh-Strassler superconformal
theories, arguing that it has an exponentially large number of states with zero anomalous
dimension in the planar limit. We then considered states where impurities were added
to these zero energy states. Using information about the N = 4 magnon dispersion
relation we were able to compute the anomalous dimension of these operators to 4-loop
order. Furthermore, using a conjecture relating sums of connected graphs we are able
to make an all orders prediction for the rational parts of their anomalous dimensions,
assuming that unwanted divergences will continue to cancel beyond five-loop order.
There are several directions that one can pursue. Since part of our results depends
on the conjecture, it would be very helpful to have a proof (or disproof) of its validity.
Further evidence for the conjecture will be presented in [32]. It would also be desirable
to have a better understanding of how the transcendental parts enter into the N = 1
computations. Our conjecture only uses the dispersion relation and not the S-matrix, so
perhaps one could find similar relations between the S-matrix and classes of supergraphs
that are associated with more general chiral functions and not just the connected ones.
It would also be useful to find an argument showing that the unwanted divergences
continue to cancel beyond five-loop order when adjusting the coupling to cancel the
anomalous dimension of the chiral fields.
Another possible direction is to find an analog of the conjecture for the ABJM/ABJ
models [45, 46]. In particular, this could be useful in ascertaining the higher loop cor-
rections to the undetermined function h2(λ, λˆ) that appears in the magnon dispersion
relation [24–26] and the S-matrix. Inspecting the supergraphs in [26], there is some in-
dication that they are organized in a way related to the dispersion relation and the two
’t Hooft couplings. The spin-chains in ABJM/ABJ are of alternating type, which leads to
two types of magnons. The dispersion relation is then investigated in the SU(2)×SU(2)
sector. The first relevant equivalence for chiral functions is χ(1, 3, 1) = χ(3, 1, 3) = χ(1),
and one would have to do a six-loop calculation to find the equivalent data point of the
three-loop calculation in N = 4. As a very simple check, if the conjecture is true then
the contribution from the χ(1, 3, 1) and χ(3, 1, 3) supergraphs could only be proportional
to λ3λˆ3 based on the leading expansion of h2(λ, λˆ). One can quickly verify by drawing
the relevant diagrams with the χ(1, 3, 1) and χ(3, 1, 3) chiral functions that this is the
case.
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The ABJM/ABJ model is complicated by the fact that the chiral vertices are four-
point and so the supergraphs do not have the multiplication structure of the fundamental
building blocks as in (3.5). A model that is similar to ABJM/ABJ in that it also has
two couplings is the interpolating N = 2 superconformal SU(N)×SU(N) quiver theory
discussed in [47,48]. When the couplings are equal then this is the Z2 orbifold of N = 4
SYM. As one varies the ratio of couplings it interpolates between this point and N = 2
SYM with 2N hypermultiplets. The orbifold point has exactly the same supergraph
structure as the unorbifolded theory and one can thus borrow all of the results from
there. Moving away from the orbifold point, one starts seeing differences at three-loop
level [49]. The chiral and anti-chiral vertices are always trivalent so the chiral structure
is the same as N = 4 and any differences can be swept into the chiral functions which
would now also depend on the ratio of couplings [49]. Hence, one can use the conjecture
here, and the problem reduces to finding the chiral functions, although they are are
highly nontrivial and are known only to the lowest loop order [49].
It would be very interesting if the cubic model were to have any integrable structures.
It is unlikely that the full theory is integrable, but perhaps there is integrability in the
closed sector of chiral composite operators. It would also be interesting to find the
gravity dual for the cubic model. As stated in the main text, we expect it to have some
stringy features, even at low energies. In essence, there can be no separation into a
supergravity limit with a finite number of fields.
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A Appendix
Here we explain the counting of states for certain types of scalar composites of length
L.
To count states where all nearest neighbors have different flavors, start with the first
site of the chain. This has 3 choices. All subsequent sites up to L−1 have 2 choices,
since they must be different than the preceding site. At the last site the flavor must be
different than the flavor at the first site and at the L−1 site. Since we are assuming that
L >> 1 we can assume that for random sequential choices starting from the first site
and moving to the right, the first site and the L−1 site are uncorrelated. Hence, there
is a 2/3 chance that they have different flavors in which case there is only one choice for
the last site, and a 1/3 chance that they have the same flavor, in which case there are
2 choices for the last site. Thus, the average number of choices for the last site is 4/3.
Combining the first and the last site we see that on average there are 4 choices for the
two of them, leaving ≈ 2L different combinations for the whole chain. However, because
of the trace, composite operators are identified if all fields in the operator are shifted
by one site. This means that for almost all chains of length L (all chains if L is prime),
they are identified with L−1 other chains. Therefore, we should divide 2L by L.
To count scalar composites which do not have three sequential sites with the same
flavor, we again assume that L is large. At any one site on the chain there are 3
choices for the flavor if the preceding two sites have different flavors, and 2 choices if
the preceding two sites have the same flavor. To this end, let r be the probability that
the preceding two sites are the same, then the average number of choices for the site are
2r+3(1−r) = 3−r. In order to be consistent, we must find the same r for the probability
that the site and its precedent have the same flavor. They can only have the same flavor
if the preceding two are different, in which case there is a 1/3 chance. Therefore, we
have the consistency relation (1−r)/3 = r. Hence, r = 1/4 and the average number of
choices is 11/4. Again we must divide by L because of the trace condition, giving us
≈ (11/4)L/L different scalar composites of this type.
Note that the total number of scalar composites with no conditions is ∼ 3L/L.
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